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Abstract. Laser beam shaping at focus or focal beam shaping is essential for many applications. The most
common approach makes use of the Fourier transforming properties of lenses to generate at their focal planes
the desired irradiance patterns, e.g., the flattop. There are two inherent limitations for this approach. First, the
shaping quality depends strongly on the dimensionless parameter β. In the case of a long focal length or small
beam sizes giving a small β value, additional beam expanders are needed to achieve a satisfying irradiance
pattern at the focus. Second, without considering the phase, the irradiance patterns beyond the focal plane are
not controlled. We propose a different approach with two plano-aspheric lenses that allow control of both irra-
diance and phase at focus. The design method comprises an extended ray mapping procedure combined with
backward wave propagation from focus. With this design approach, the shaping quality is guaranteed without the
possible need for extra beam expanders, offering the potential for a more compact system with fewer elements.
Through the additional phase control, the depth of focus is enlarged to a large extent and the designed system
becomes more tolerant. © 2016 Society of Photo-Optical Instrumentation Engineers (SPIE) [DOI: 10.1117/1.OE.55.8.085106]
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1 Introduction
Laser beam shaping at focus, often referred to as focal beam
shaping (FBS), is widely used in many laser applications,
such as laser material processing, medical operations, optical
processing, optical data storage, laser printing, and laser
research.1 FBS means that the laser beam is focused to a
small area to have a sufficiently high-power density, and in
the meantime is shaped to obtain a desired irradiance pattern
(often a flattop) at the focal plane to achieve optimum system
performance.
In general, a collimated beam shaper,2,3 or more often a
phase element4,5 is combined with a lens to generate a focal
beam with the desired irradiance pattern at the focal plane of
the lens. These FBS approaches make use of the Fourier
transforming properties of lenses. The approach combining
the phase element with the Fourier lens is illustrated in
Fig. 1.4 The input beam is a collimated single-mode laser
beam with a Gaussian irradiance distribution. The phase
element can either be refractive or diffractive optics, which
modifies the phase of the beam. The transform element is the
lens that generates the Fourier transform of the optical field
with the modified phase at its focal plane. This approach
will be referred to as the “Fourier approach” throughout
this paper.
There are different methods available to calculate the
phase of the phase element, including the geometrical
optics-based method,4 the stationary phase method,5 the
iterative method,6 and the optimization-based method.7 All
these methods can control only the irradiance but not the
phase at the focal plane. Without the phase control, the
generated irradiance pattern degrades quickly beyond the
focal plane.8 For certain cases, there is even a much more
focused spot found in the vicinity of the focal plane,
which is highly detrimental for deep or bulk laser microma-
chining applications.9 Hence the phase at the focal plane is
better to be controlled to be constant. The common solution
is to add a second phase element at the focal plane to correct
the phase to obtain a collimated beam.8,9 The alignment of
such a phase correcting element can be quite demanding.
There is another drawback for the Fourier approach. The
quality of the irradiance pattern that can be obtained strongly
depends on the dimensionless parameter β.4,5,10–13
EQ-TARGET;temp:intralink-;e001;326;316β ¼ CroRo
λf
; (1)
where C is a constant, ro is the radius of the input laser beam,
Ro is the radius of the output beam at the focal plane, λ is the
design wavelength, and f is the focal length of the Fourier
transform lens or the distance from the FBS system to the
focal plane. In literature, C has been chosen to be either
2π5 or 2
ﬃﬃﬃﬃﬃ
2π
p
4,10–13 for calculation convenience. In the follow-
ing discussions, we have chosen C ¼ 2 ﬃﬃﬃﬃﬃ2πp as is mostly
used in the case of shaping a Gaussian beam to have the
flattop profile at focus.
The impact of β on the shaping quality for the circular
flattop pattern at focus is illustrated in Fig. 2. The solid
line is the cross section of the targeted pattern described
by a step function. The dotted lines show results for different
β values by changing the radius of the input laser beam.
These simulation results have been obtained using the uni-
fied optical modeling software “VirtualLab,” and they agree
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very well with the reported figures in literature.4,12,13 With a
decreasing β value, deviations from the ideal flattop shape
begin to appear. Depending on what might be considered
as still sufficiently close to a flattop distribution, a threshold
value for β can be defined, e.g., β ¼ 4. For β values smaller
than this threshold, the beam shaping system will not deliver
acceptable results.
In practice, the laser wavelength λ, the spot radius at focus
Ro, and the working distance or the focal length f are typ-
ically determined by the considered applications. In case of a
too small β value, the only possibility is to expand the initial
laser beam so that the newly obtained β will be large enough
to provide the irradiance profile sufficiently close to the tar-
get. A typical solution is shown in Fig. 3, where a two-lens
telescope has been added to expand the input laser beam.
However, these additional optical elements make the com-
plete system less compact with more elements to be aligned.
It should be stressed that for targeted irradiance distributions
other than the flattop, the threshold value of β can be signifi-
cantly higher than 4 to still obtain satisfactory beam shaping
results.4
In this work, we present a different approach that uses two
plano-aspheric lenses to control both irradiance and phase at
laser focus with no need for an additional phase correcting
element at the focal plane. It is called the “added-phase-
control approach.” This design strategy and method does not
rely on the Fourier transforming properties of lenses and is
explained in Sec. 2. In Sec. 3, the added-phase-control
approach is applied for a design task to transform an input
Gaussian beam to a circular flattop profile at focus with
a small initial β value. In contrast to the Fourier approach,
our developed added-phase-control approach does not
require additional elements to expand the input laser beam.
In Sec. 4, we present a comprehensive sensitivity analysis
to highlight several additional practical benefits of our
approach and to demonstrate the added value of the direct
phase control at focus.
2 Direct Design Approach to Control Both
Irradiance and Phase at Laser Focus
The designed two-lens FBS system is schematically shown
in Fig. 4. In literature, the existing direct design methods to
control only the irradiance at focus are based on either geo-
metrical optics or diffraction theory. We have introduced the
intermediate plane at the exit of the shaping optics to com-
bine both geometrical optics and wave optics, which allows
to control both irradiance and phase at the focal plane. First,
the required optical field at the focus is propagated backward
to the intermediate plane using proper wave propagation
method from diffraction theory.14 Then the field information
at the intermediate plane is translated to ray information, so
that the ray mapping technique15 can be extended to design
the two lenses.
The design procedure can be divided into two steps.
2.1 Step I: Backward Propagation From
the Focal Plane to the Intermediate Plane
The optical field at the focal plane is defined to have the
required irradiance distribution and the constant phase,
Fig. 1 Schematic drawing of the FBS system based on the Fourier
transform lens. The phase element is the beam shaping element,
which modifies the phase of the collimated input light beam. The
transform element is a Fourier transform lens, which generates the
Fourier transform of the modified optical field at the focal plane.
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Fig. 2 The cross-section profiles of the circular irradiance patterns
generated by the Fourier approach. The design target is a flattop
pattern with sharp edges at focus. It requires β to be large enough in
order to have the irradiance profile sufficiently close to the target.
Fig. 3 A practical solution to enlarge β for the Fourier approach is to
add a two-lens telescope to expand the input laser beam.
Fig. 4 Schematic drawing of the FBS system with two plano-aspheric
lenses used in the added-phase-control approach. An arbitrary ray
(in red) intersects the input plane at radius, r , goes through the inter-
mediate plane at radius, R, and then arrives at the focal plane at
a distance f from the output plane.
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and is then propagated back to the intermediate plane in free
space using wave propagation methods. Depending on
the focal spot size and the propagation distance, different
propagation methods from diffraction theory14 can be
used, including the method of angular spectrum of plane
waves (SPWs), the Fresnel propagation method, and the
Fraunhofer propagation method. In our case, we have per-
formed the backward propagation in VirtualLab by using
the SPW operator, but any other suitable software or pro-
gramming language could also be used. SPW operator is
based on the rigorous propagation method of angular SPWs,
and the number of the sampling points is defined large
enough to ensure good accuracy. The field at the focal
plane can be described either by analytical functions or dis-
crete data points. The field information that can be extracted
is numerical data.
Suppose the radial coordinate at the intermediate plane is
R, the obtained field information includes the irradiance IðRÞ
and the phase ΦðRÞ. For calculation convenience, IðRÞ is
normalized so that the total power is 1 W, and Φð0Þ equals
to 0 by taking the point on the optical axis as the reference.
The obtained field information at the intermediate plane
can now be translated to the ray information that is needed to
design the lenses. In Fig. 4, the path of an arbitrary ray is
highlighted in red. For each ray, the necessary information
at the intermediate plane is the ray position R, the ray direc-
tion angle cðRÞ, and the optical path length (OPL) difference
with respect to the on-axis ray OPDðRÞ. Due to the rotational
symmetry of the considered optical system, it is sufficient to
consider only R ≥ 0. Then the direction angle is calculated as
EQ-TARGET;temp:intralink-;e002;63;422cðRÞ ¼ a sin

−
Φ 0ðRÞ
k

; (2)
where k is the wave number. The OPL difference is calcu-
lated as
EQ-TARGET;temp:intralink-;e003;63;356OPDðRÞ ¼ ΦðRÞ
k
: (3)
2.2 Step II: Lens Design by Ray Mapping From
the Input Plane to the Intermediate Plane
Design of double freeform surfaces for laser beam shaping
has been investigated over the years. However, detailed
design procedures have been reported mainly for collimated
laser beam shaping with plane wavefronts.15–24 There is
work25 which can be used to generate a freeform wavefront;
however, the irradiance is defined in the case at a plane close
to the wavefront rather than on the wavefront itself. In our
case, we have defined both the irradiance and the phase at the
same plane, so that the design has a good accuracy even
when the beam is strongly focused.
Figure 4 introduces all the necessary parameters for the
optical design process. For the first lens, the radial coordi-
nates at both surfaces are the same as r. For the second
lens, the first surface has the radial coordinate H, while
the second surface’s radial coordinate is R. To make the
design adaptable to both magnifying and demagnifying sys-
tems, the signs of certain parameters should be taken into
account. The sag values z and Z of two aspherical surfaces
are defined positive if the corresponding surface point is at
the right side of the on-axis point, otherwise the value is neg-
ative. The slope values v and V are defined as
EQ-TARGET;temp:intralink-;e004;326;730v ¼ tanðθ1Þ; V ¼ tanðθ2Þ; (4)
where θ1 and θ2 are positive when the surface normal is
below the forward horizon as plotted. Otherwise, they have
negative values. Similar definitions apply for the angles a
and c. For angle b, the sign definition is in the opposite
way for calculation convenience.
Supposing there is no energy loss in the beam shaping
system, the radial coordinates r and R can be mapped to
each other based on the theory of energy conservation. As
the irradiance at the intermediate plane IðRÞ has already
been normalized, the irradiance at the input plane IinðrÞ
should also be normalized so that
EQ-TARGET;temp:intralink-;e005;326;578 π
Z
∞
0
rIinðrÞdr ¼ 1: (5)
To map r and R, the encircled energy within r at the input
plane should be the same with that within R at the intermedi-
ate plane as
EQ-TARGET;temp:intralink-;e006;326;502 π
Z
r
0
xIinðxÞdx ¼ 2π
Z
R
0
xIðxÞdx: (6)
By applying the Snell’s law on each refractive surface,
the angles can be related to one another by the following
equations:
EQ-TARGET;temp:intralink-;e007;326;426 sinðθ1Þ ¼ sinðθ1 þ bÞ; (7)
EQ-TARGET;temp:intralink-;e008;326;394 sinðθ2 þ bÞ ¼ n sinða − θ2Þ; (8)
EQ-TARGET;temp:intralink-;e009;326;367 sinðaÞ ¼ sinðcÞ; (9)
where n is the refractive index of the material of the two
lenses. The slope values v and V can now be derived
from Eqs. (7) and (8), respectively, as follows
EQ-TARGET;temp:intralink-;e010;326;308v ¼ tanðθ1Þ ¼
sinðbÞ
n − cosðbÞ ; (10)
EQ-TARGET;temp:intralink-;e011;326;262V ¼ tanðθ2Þ ¼
sinðbÞ þ n sinðaÞ
n cosðaÞ − cosðbÞ : (11)
As in the triangle L −M − S where sinðbÞ ¼ ðS∕MÞ and
cosðbÞ ¼ ðL∕MÞ, the slope equations can be rewritten as
EQ-TARGET;temp:intralink-;e012;326;201v ¼ S
nM − L
; (12)
EQ-TARGET;temp:intralink-;e013;326;158V ¼ Sþ nM sinðaÞ
nM cosðaÞ − L : (13)
Having d as the separation between two lenses and t2 as the
thickness of the second lens, the triangle L −M − S can be
calculated as below:
EQ-TARGET;temp:intralink-;e014;326;86L ¼ d − zþ Z; (14)
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EQ-TARGET;temp:intralink-;e015;63;741S ¼ ðt2 − ZÞ tanðaÞ þ R − r; (15)
EQ-TARGET;temp:intralink-;e016;63;728M ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
L2 þ S2
p
: (16)
Last but not least, the OPL from the input plane to the
intermediate plane should be calculated. For the center ray
on axis
EQ-TARGET;temp:intralink-;e017;63;666OPL0 ¼ nt1 þ dþ nt2: (17)
For any other ray
EQ-TARGET;temp:intralink-;e018;63;624OPL ¼ Nðt1 þ zÞ þM þ n

t2 − Z
cosðaÞ

: (18)
As the OPL difference at the input plane is 0, the OPL
difference from the two equations above is the same as
that in Eq. (3). So that
EQ-TARGET;temp:intralink-;e019;63;546
Φ
k
¼ n

z − t2 þ
t2 − Z
cosðaÞ

þM − d: (19)
It should be noticed that t1 is eliminated, hence the design
does not depend on the thickness of the first lens t1. To cal-
culate the lenses’ surfaces, it is only necessary to specify
the wavelength λ or the wave number k, the refractive
index n, the lens separation d, and the thickness of the sec-
ond lens t2.
Next, the design procedure is explained step by step as
follows:
• Step 1: As our calculation is based on numerical data,
the maximum dimensions of r and R should be
defined. rmax and Rmax are both defined by the total
energy passing through the system. In our case, we
have selected the clear aperture rmax to be 3ro to
avoid truncation effects.10
• Step 2: According to our previous work,24 the radial
coordinates r and R should be sampled by equal distant
bins as
EQ-TARGET;temp:intralink-;e020;63;302 i ¼ 0;
rmax
p
; 2
rmax
p
; : : : ; rmax; (20)
EQ-TARGET;temp:intralink-;e021;63;260 i ¼ 0;
Rmax
q
; 2
Rmax
q
; : : : ; Rmax; (21)
where i is the counting index, and p and q are the
number of bins for r and R, respectively.
• Step 3: Some parameters are dependent on R only.
ΦðRÞ is obtained from Sec. 2.1. The refraction
angle at the last refractive surface cðRÞ is given by
Eq. (2). The angle aðRÞ is then calculated according
to Eq. (9). Following Eq. (6), R can be expressed as
a function of r as RðrÞ, therefore, these parameters
can be also written as ΦðrÞ, cðrÞ, and aðrÞ.
• Step 4: To calculate the sag value of the first aspheric
surface z, a first-order differential equation is expected
in the format below
EQ-TARGET;temp:intralink-;e022;326;752
dz
dr
¼ vðr; zÞ: (22)
From Eq. (12), the slope v is a function of ðL;M; SÞ
which depends on ½r; RðrÞ; aðrÞ; z; Z according to
Eqs. (14–16). This means that both v and M can be
written as functions of ðr; z; ZÞ. Substituting RðrÞ,
ΦðrÞ, aðrÞ, Mðr; z; ZÞ into the Eq. (19), we can derive
Z as a function of ðr; zÞ. Hence, we can have the slope
v as vðr; zÞ to have the expected Eq. (22). This equa-
tion is then solved for ri to have zi. We have chosen the
ordinary differential equation (ODE) solver “ode45” in
MATLAB® using the Runge–Kutta methods.
• Step 5: The slope of the first surface vi is calculated
according to the function vðr; zÞ in the last step.
• Step 6: Similar to step 4, the following equation is
expected to calculate the sag of the second aspheric
surface Z:
EQ-TARGET;temp:intralink-;e023;326;549
dZ
dR
¼ VðR; ZÞ: (23)
From Eq. (13), the slope V is a function of
½L;M; S; aðRÞ. According to Eqs. (14)–(16), ðL;M; SÞ
depends on ½r; R; aðRÞ; z; Z. Following Eq. (6), r can
be obtained from R as rðRÞ. So both V and M can be
written as functions of ðR; z; ZÞ. Substituting rðRÞ,
ΦðRÞ, aðRÞ, and MðR; z; ZÞ into Eq. (19), we can
derive z as a function of ðR; ZÞ. Hence, we can have
the slope V as VðR; ZÞ to have the expected Eq. (23).
This equation is then solved for Ri to have Zi in the
same way as in step 4.
• Step 7: The slope of the first surface Vi is calculated
according to the function VðR; ZÞ in the last step.
• Step 8: It should be noticed that the radial coordinate of
the second aspheric surface is not R but H, which can
be calculated as
EQ-TARGET;temp:intralink-;e024;326;330H ¼ ðt2 − ZÞ tanðaÞ þ R: (24)
Following Eq. (24), Hi and Hmax can be calculated
from Ri and Rmax.
In the end, we have the full information to describe the
two aspheric surfaces with ðri; vi; ziÞ for the aspheric surface
of the first lens and ðHi; Vi; ZiÞ for the aspheric surface of
the second lens.
3 Design Example: From Gaussian to Circular
Flattop Pattern at Focus
Although our developed added-phase-control approach in
Sec. 2 is not limited to a flattop profile at focus, we have
selected this design example as it is the most commonly
used design example in case of the Fourier approach.
The input beam is a single-mode He–Ne laser beam
which has its waist at the input plane of the beam shaper,
so the irradiance distribution is Gaussian, described as
EQ-TARGET;temp:intralink-;e025;326;108IinðrÞ ¼
2
πr2o
exp

−2
r2
r2o

; (25)
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where ro is the beam radius within which the encircled
energy is 86%. The flattop profile at the focal plane is chosen
to have roll-off edges rather than perfect steep ones to avoid
strong ripples in the far-field diffraction pattern.18 Shealy and
Hoffnagle26 have summarized for laser beam shaping differ-
ent flattened profiles, from which we have selected a com-
monly used one Fermi–Dirac (FD) profile described as
EQ-TARGET;temp:intralink-;e026;63;473IFDðRÞ ¼ IFD

1þ exp

βFD

R
Ro
− 1

−1
; (26)
where IFD is the constant to have normalized total power and
Ro is the characteristic radius, where the irradiance is 0.5IFD.
βFD should be properly selected to ensure not only a flattened
profile but also one without too steep edges. We have chosen
βFD ¼ 16.25 as proposed in literature.18,26
As discussed in Sec. 1, the difficulty of obtaining the
expected focal spot shape increases with reduced focal
spot sizes and/or increased focal lengths, in cases where
the input beam is given and has a fixed size at the beam
shaper. For our design, with the fixed input radius
ro ¼ 0.34 mm and wavelength λ ¼ 632.8 nm, the output
radius Ro is selected rather small as 0.2 mm and the focal
length f is chosen relatively long as 269.2 mm. There are
some applications, such as laser additive manufacturing,
requiring such small focal spot sizes for high fabrication
resolutions and high-power densities, and meanwhile long
working distances to avoid damages on optics by backscat-
tering from the fabrication process. However, the resulting
β ¼ 2 for the Fourier approach means that it is not possible
to have a good shaping quality of the generated flattop pro-
file without additional beam expansions.
With our added-phase-control approach, the beam size is
not necessarily maintained from the first lens to the second
lens, while the Fourier approach has the same beam size on
the shaping element and the transform element. So Eq. (1)
should not be directly applied for the added-phase-control
approach. It makes more sense to slightly modify the calcu-
lation of β by using ro as the radius at the intermediate plane
rather than at the input plane, as the field propagation is per-
formed between the intermediate plane and the focal plane.
The field information at the intermediate plane for this spe-
cific design example is shown in Fig. 5. The red solid lines
are the design targets directly obtained from the backward
propagation, and the blue dashed lines are the simulation
results for our design, which fit well to the targets. For
the irradiance distribution in Fig. 5(a), the beam radius ro 0
is 0.37 mm, supposing that it is defined as the radius within
which the encircled energy is 86%. Referring to the input
radius ro ¼ 0.34 mm, there is a slight internal beam expan-
sion by the designed beam shaper, increasing β 0 to 2.18,
which is still clearly smaller than the β ¼ 4 for which the
Fourier approach already shows derivations from the target.
For the phase distribution in Fig. 5(b), the design output
agrees very well with the target, even for such a strongly
focused beam.
For our design with the added-phase-control approach,
poly (methyl methacrylate) (PMMA) with the refractive
index 1.489 is selected as the lens material. The main reason
for this choice is that we plan to fabricate a proof-of-concept
prototype using ultra-precision diamond tooling (UDT),27
and PMMA is one popular type of diamond turntable
material. Depending on specific application requirements,
other lens materials could be used as well by adapting the
refractive index in the design algorithm. To ensure that
the designed lenses are feasible for fabrication and assembly,
several design parameters should be carefully selected. The
first parameter is the lens separation d. For a larger lens sep-
aration d, the tolerance on d for lens assembly improves, and
the slope values and aspheric departure of the designed
aspherical surfaces decrease which typically eases the lens
fabrication. Here, the aspheric departure is on the order of
several micrometers. However, the surface sag values
decrease as well and there is normally a lower limit for
the sag values for the lens fabrication. Therefore, we have
chosen a compromise value of d ¼ 100 mm. Second, the
thickness all over the lens aperture should not be smaller
than 5 mm, which can be controlled by specifying a proper
center thickness of the lenses t1 and t2. The full prescription
of the lens system is summarized as follows:
• the refractive index of the lens material: n ¼ 1.489;
• the lens separation: d ¼ 100 mm;
• the center thickness of the two lenses: t1 ¼ 5 mm and
t2 ¼ 5.1 mm; and
• the clear apertures of the two lenses: rmax ¼
2.0637 mm and Hmax ¼ 6.7562 mm.
Fig. 5 The field information at the intermediate plane for having the flattop profile at focus: (a) irradiance
and (b) phase. The design output (in blue) from simulation in VirtualLab fits well with the target (in red)
calculated by the backward propagation. The reference r o ¼ 0.34 mm is the input beam radius.
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To verify the design, the complete system from the input
plane to the focal plane is simulated in VirtualLab, where the
SPWoperator is used to simulate the wave propagation from
the intermediate plane to the focal plane to include diffrac-
tion effects. The simulated irradiance profile at the focal
plane is given in Fig. 6(a). By having the input beam radius
ro ¼ 0.34 mm directly at the input plane, the flattop profile
can be well maintained.
For the same application, we have also tested the Fourier
approach by using the solution shown in Fig. 3 to enlarge β.
The telescope is formed by two ideal lenses with the first one
negative and the second one positive. The phase element is
assumed to be a plano-aspheric lens with very thin center
thickness 1 μm, and the thickness of the lens varies to fit
the required phase. The transform element is assumed to
be an ideal lens with the required focal length f. The sep-
aration d is also very small in the range of a few micrometers
to hundreds of micrometers which is just enough to have no
overlaps between the two elements. The simulation results in
Fig. 6(b) show that the external beam expansion has to be 16
times, increasing β from 2 to 32, so that the achieved beam
shaping quality starts to match the result obtained with our
added-phase-control approach. This result underlines the
necessity to use an extra beam expanding system in the
case where the initial β value is not large enough.
4 Sensitivity Analysis: the Added-Phase-Control
Approach Versus the Fourier Approach
It is well known that refractive beam shapers as one kind of
field mappers are very sensitive to variations of input laser
beam parameters,4,10 therefore, a tolerant design is very
important for a good shaping quality in practical applica-
tions. Furthermore, several FBS applications, such as laser
drilling and photowriting in the bulk of a material, require
a large depth of focus.9 In this section, we will compare
our proposed added-phase-control approach with the
Fourier approach by analyzing the system’s sensitivity
toward the displacement of the detector from the focal
plane, the radius change, and the lateral shift of the input
laser beam. For the added-phase-control approach, the
design in Sec. 3 is directly used. For the Fourier approach,
the design with β ¼ 32, as in Sec. 3, is selected for compari-
son, as it has the similar shaping quality for the same design
task. The telescope is formed by two ideal lenses with focal
lengths f1 ¼ −25 mm and f2 ¼ 400 mm and a lens separa-
tion f1 þ f2. The original laser beam with ro ¼ 0.34 mm
has its waist at 25 mm ahead of the first lens, while the
input plane of the beam shaper is placed at 400 mm after
the second lens. It should be noticed that other combinations
of telescope lenses give very similar results, as all the used
lenses are assumed to be ideal.
To evaluate the shaping quality, the difference between
the actual irradiance and the expected one can be quantified
by the relative root-mean-squared error (RRMSE)25,28
EQ-TARGET;temp:intralink-;e027;326;421 RMSE ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
Ns
XNs
k¼1

Iak − Itk
Itk

2
vuut : (27)
As the irradiance pattern is rotationally symmetric, the cal-
culation is performed only for the cross-section profile. Ns is
the sampling points and k is the index of the detection points.
Iak and Itk are the actual and targeted irradiances on the k’th
point, respectively. For the FD profile with Ro ¼ 0.2 mm at
focus, the physical dimension to be analyzed is defined from
−0.2 to 0.2 mm with the number of sampling points
Ns ¼ 501. For the FD profile achieved by the added-
phase-control approach in Fig. 6(a), it matches the target
well, which is also underlined by a low RRMSE value of
0.0117. For the FD profiles generated by the Fourier
approach in Fig. 6(b), clear derivation between the target and
the design result can be observed with RRMSE ¼ 0.0809
for β ¼ 8, and in the case of β ¼ 4, RRMSE is 0.2612 giving
a profile that is no longer a flattop. Referring to the profiles in
Fig. 6 with different RRMSE values, we have set 0.045 as
the RRMSE limit below which the generated profile is con-
sidered to be in good agreement with the target, and the shap-
ing quality is considered excellent when RRMSE is smaller
than 0.025. Other limit values could also be set, as long as
they are used consistently for the comparisons.
The sensitivity toward different parameter variations to
have both good and excellent shaping qualities is summa-
rized in Table 1, and the simulated irradiance profiles
influenced by different variations are given in Fig. 7. Our
added-phase-control approach demonstrates the following
advantages in direct comparison with the Fourier approach.
(a) (b)
Fig. 6 The cross-section profiles for the circular FD pattern at focus: (a) for the added-phase-control
approach, the design output fits well with the target without the need of external beam expansions
and (b) or the Fourier approach, the input beam has to be expanded by at least 16 times to match
the shaping quality of the added-phase-control approach.
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Table 1 Sensitivity analysis for different parameter variations for the design example in Sec. 3: I the added-phase-control approach is compared
with II the Fourier approach with β ¼ 32. RRMSE ¼ 0.045 is the limit for good shaping quality, and 0.025 is the limit for excellent shaping quality.
Parameter variations I: the added-phase-control approach II: the Fourier approach
Parameter Sign RRMSE ¼ 0.045 RRMSE ¼ 0.025 RRMSE ¼ 0.045 RRMSE ¼ 0.025
Defocusing þ 0.019f 0.010f 0.00090f 0.00050f
− 0.027f 0.018f 0.0010f 0.00050f
Radius þ 0.060r o 0.035r o 0.030r o 0.015r o
− 0.045r o 0.020r o 0.025r o 0.012r o
Lateral shift / 0.040r o 0.018r o 0.020r o 0.010r o
(a) (b)
(c) (d)
(e) (f)
Fig. 7 Simulated irradiance profiles influenced by different parameter variations for the design example
in Sec. 3. Results on the left [(a) defocusing 1, (c) radius variation 1, and (e) shift 1] are for the added-
phase-control approach, and results on the right [(b) defocusing 2, (d) radius variation 2, and (f) shift 2]
are for the Fourier design approach with β ¼ 32. With the same system imperfections, the obtained
profiles are much more deformed for the Fourier approach in comparison with the profiles for the
added-phase-control approach.
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4.1 Larger Depth of Focus
The additional phase control for our approach is expected to
provide a large depth of focus, which means that the gener-
ated profile can be maintained well within a long distance
around the focal plane. The defocusing effects are shown
in Fig. 7(a). Defocus is defined such that the detector is
not placed at the focal plane. If the detector is placed
after the focal plane, the defocusing is positive, otherwise
it is negative. Both for the positive and negative defocussing,
the deformation of the irradiance profile is similar, with
slightly raised-up edges. The only difference is that the
design is less sensitive to the negative defocusing, as
−0.027f has similar influence as þ0.019f. Referring to
Table 1, both increase RRMSE to 0.045. Hence the depth
of focus for a good shaping quality is 0.046f ¼ 12.4 mm.
In direct comparison, the beam shaper designed with the
Fourier approach does not provide an equally good depth of
focus. Figure 7(b) shows its defocusing effects. Similar to
Fig. 11 of Ref. 10, positive defocusing gives a smaller pattern
size, increased average irradiance, and raised-up edges,
while negative defocusing produces a larger pattern size and
decreased average irradiance. Compared with Fig. 7(a) for
the developed design approach, the profile deformation is
much larger with the same defocusing. Referring to
Table 1, defocusing should not be more than ∼ 0.001f
to ensure RRMSE smaller than 0.045. The depth of focus
is only 511.48 μm which is less than 5% of the value that
was achieved with the added-phase-control approach.
4.2 Less Sensitivity to Input Radius Variations
The beam shaper is designed for the laser beam with the
specified beam size, and the shaping quality is dependent
on the size variation. With the same input beam size varia-
tions, the obtained irradiance profiles are plotted in Figs. 7(c)
and 7(d) for the two designed beam shapers with different
approaches, respectively. In both cases, the beam scaling
effect is similar to Fig. 10 of Ref. 10, which is that a larger
beam size gives raised edges and a smaller beam size rounds
off the edges. Compared with the design with the Fourier
approach, the design with the added-phase-control approach
is less sensitive to the input beam size variation. According to
the sensitivity analysis in Table 1, the design with the added-
phase-control approach can perform well for the input beam
size from 324.7 μm to 360.4 μm, while the design with the
Fourier approach is limited from 331.5 μm to 350.2 μm.
4.3 More Tolerance to the Lateral Shift of the Input
Laser Beam
The lateral shift means that the input laser beam is decentered
from the optical axis. The results presented in Figs. 7(e) and
7(f) show that the flattop profile shifts toward the shifting
direction, which is similar to the decentering effects in
Fig. 9 of Ref. 10. With the same lateral shifts, the design
with the added-phase-control approach is able to maintain
the profiles much better. As given in Table 1, the tolerance
on the lateral shift for the added-phase-control approach is
13.6 μm, which is twice of that for the Fourier approach.
5 Conclusion
Within the scope of this work, we have presented a design
strategy and method for FBS based on two plano-aspheric
lenses that allow control of both irradiance and phase at
focus. This additional phase control at laser focus is realized
by combining both geometrical optics and wave optics;
an approach that could also prove useful for other laser-
based system designs with diffraction effects included.
This work demonstrates clearly the added values of the direct
phase control at focus. First, unlike the Fourier approach,
our approach does not require the use of additional beam
expanders to increase the otherwise too low β value. For
the example design of transforming Gaussian to a circular
flattop pattern at focus, the initial β ¼ 2 value had to be
increased to 32 with a 16× beam expander for the Fourier
approach to achieve the shaping quality that is comparable
to the result obtained for the two lenses used in our approach.
Not only has our developed design approach the potential to
yield much more compact optical systems, it also provides a
much larger depth of focus, which is more than 20 times
longer than that for the design obtained with the Fourier
approach. Furthermore, our designed system appears to be
less sensitive to the input laser beam, such as the beam
size variations and the lateral shifts.
Future work will focus on the generalization to achieve
nonrotationally symmetric irradiance patterns at focus using
freeform optics and on building a first prototype to verify
the results experimentally.
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